Abstract: This paper deals with the existence of solutions for some elliptic equations with nonstandard growth under zero Dirichlet boundary condition. Using a direct variational method and the theory of the variable exponent Sobolev spaces, we set some conditions that ensures the existence of nontrivial weak solutions.
Introduction
In the present paper we are concerned with the boundary value problem −△ p(x) u = λm (x) |u| q(x)−2 u in Ω,
where Ω ⊂ R N is a smooth bounded domain, λ > 0; p, q ∈ C Ω and m is a non-negative measurable real function. The study of differential equations and variational problems with nonstandard growth equations have been a new and interesting topic. The main interest in studying such problems arises from the presence of the p(x)-Laplace operator represented as △ p(x) u = div |∇u| p(x)−2 ∇u . This is a generalization of the p-Laplace operator △ p u = div |∇u| p−2 ∇u obtained in the case when p(x) ≡ p is a positive constant. Differential equations involving the p(x)-Laplace equations are not trivial generalizations of similar problems studied in the constant case since p(x)-Laplace operator is not homogeneous and, thus, some techniques which can be applied in the case of the p-Laplace operators will fail in that new situation, such as the theory of Sobolev spaces. On the other hand, problems involving nonstandard growth conditions are extremely attractive because they can model phenomenons which arise from the study of electrorheological fluids or elastic mechanics, stationary thermo-rheological viscous flows of non-Newtonian fluids and they also appear in the mathematical description of the processes filtration of an ideal barotropic gas through a porous medium [1, 14, 15] . We refer the reader to [2, 3, 4, 9, 10, 12, 13] and the references therein for the study of p(x)-Laplacian equations.
Preliminaries
We state some basic properties of the variable exponent Lebesgue-Sobolev spaces L p(x) (Ω) and W 1,p(x) (Ω), where Ω ⊂ R N is a bounded domain.In that context we refer to [5, 7, 8, 11] for the fundamental properties of these spaces. Set
For any p ∈ C + Ω , denote 1 < p − := inf
and define the variable exponent Lebesgue space by
We define a norm, the so-called Luxemburg norm, on this space by the formula
which is known as Hölder inequality.The modular of
We also consider the weighted variable exponent Lebesgue spaces. Let b : Ω → R is a measurable real function such that b(x) > 0 a.e. x ∈ Ω. We define
b(x) (Ω) endowed with the above norm is a Banach space which has similar properties with the variable exponent Lebesgue spaces.The modular of L
b(x) (Ω) (n = 1, 2, ...) and p + < ∞, we have
The variable exponent Sobolev space W 1,p(x) (Ω) is defined by
then it can be equipped with the norm
(Ω) is denoted by the closure of
(Ω) in the following discussions.
(Ω) are separable and reflexive Banach spaces [11] . p(x) dx. The functional Λ : X → R is convex. The mapping Λ ′ : X → X * is a strictly monotone, bounded homeomorphism, and of (S + ) type, namely u n ⇀ u (weakly) and lim n→∞ Λ ′ (u n ) , u n − u ≤ 0 implies u n → u (strongly).
) is compact and continuous, where
p * (x) = N p(x) N −p(x) if p (x) < N and p * (x) = +∞ if p (x) ≥ N .
The Main Results
We say that u ∈ W
1,p(x) 0
(Ω) is a weak solution of (P) if
(Ω). The energy functional corresponding to problem (P) is defined as
(Ω) , R), and
(Ω). Hence, we can infer that critical points of functional J λ are the weak solutions for problem (P ).
We will prove: Theorem 3.1. Suppose the following conditions hold:
Then, there exists λ * > 0 such that (P ) has a nontrivial weak solution for any λ ∈ (0, λ * ) .
The proof of Theorem 3.1 is broken into several parts. Lemma 3.2. Assume that (P 1 ) and (P 2 ) hold.Then there exist positive real numbers γ, r and λ * > 0 such that for any λ ∈ (0, λ * ), we have
(Ω) with u = γ.
Proof. By using assumption (P 1 ), and the arguments developed in [12, Theorem 2.8], we can write
Consider γ ∈ (0, 1). Then the above relation implies
Using (P 1 ), (1.2) and (3.2), we obtain that for any u ∈ W 1,p(x) 0
(Ω) with u = γ the following inequalities hold true
In the last inequality above, if we choose
then it is clear that there exists r > 0 such that for any λ ∈ (0, λ * ) we have
The proof is complete. (Ω) such that ϕ ≥ 0, ϕ = 0 and J λ (tϕ) < 0 for t > 0 small enough.
Proof. From assumption (P 2 ) we know that q − < p − . Let ǫ 0 > 0 be such that q − + ǫ 0 < p − . On the other hand, since q ∈ C Ω it follows that there exists an open set Ω 0 ⊂ Ω such that |q (x) − q − | < ǫ 0 for all x ∈ Ω 0 . Thus, we conclude that q (x) ≤ q − + ǫ 0 < p − for all x ∈ Ω 0 .
Let ϕ ∈ C ∞ 0 (Ω) be such that supp (ϕ) ⊃ Ω 0 , ϕ(x) = 1 for all x ∈ Ω 0 and 0 ≤ ϕ(x) ≤ 1 in Ω. Then from the above facts for any t ∈ (0, 1) it follows
Finally, we remark that Ω |∇ϕ| p(x) dx > 0. Indeed, it is obvious that
On the other hand, from (3.1) we know that there exists a positive constant c such that (Ω) such that J λ (tϕ) < 0 for t > 0 small enough. Therefore, considering also inequality (3.3), we obtain that −∞ < c := inf
Let choose ε > 0. Then, it follows 0 < ε ≤ inf ∂Bρ(0)
